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Reference Frame Theory
3-Phase Induction Machines
Synchronous Machines

Machine Equations in Operational
Impedances and Time Constants

Linearized Machine Equations
m  Reduced Order Machine Equations
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Reference Frame Theory o

» Power of Reference Frame Theory:

m Eliminates Rotor Position Dependence
Inductances

m Transforms Nonlinear Systems to Linear Systems
for Certain Cases

m Fundamental Tool For Development of Equivalent
Circuits

m Can Be Used to Make AC Quantities Become DC
Quantities

m Framework of Most Controllers
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Reference Frame Theory S

» History of Reference Frame Theory

«1929: Park’s Transformation

<= Synchronous Machine; Rotor Reference Frame
«1938: Stanley

<~ Induction Machine; Stationary Reference Frame
«1951:Kron

<~ Induction Machine; Synchronous Reference Frame
«1957: Brereton

<~ Induction Machine; Rotor Reference Frame
«1965: Krause

= Arbitrary Reference Frame
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Arbitrary Reference Frame S
m Consider stator winding of a 2-pole 3-phase symmetrical

machine
bs-axis o
Tos ibs
O
. . +
gs-axis T \V
CS + M bs
L'; ™ s
- . Cs L
» as-axis f s
fas M M
bs’ cs \‘é ¥
Vas
fes s
cs-axis _ s . +
ds-axis O
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Arbitrary Reference Frame S

m Synchronous and induction machine inductances are
functions of the rotor speed, therefore the coefficients of
the differential equations (voltage equations) which
describe the behavior of these machines are time-varying.

m A change of variables can be used to reduce the
complexity of machine differential equations, and
represent these equations in another reference frame with
constant coefficients.
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Arbitrary Reference Frame S

m A change of variables which formulates a transformation
of the 3-phase variables of stationary circuit elements to
the arbitrary reference frame may be expressed

1:qus = st

abcs ~ (D
_ . fhs /{f\\ﬂ"
cosd cos(6 — 2?7[) cos(6 + 2?7[) ff’f s
e
Ks =§ sin@ Siﬂ(@—z?ﬂ) Siﬂ(@-l—z?ﬂ) , fﬁe — ot
1 1 1 N > 1,
|2 2 2 i . .
where, (fqd Os)T = [qu fds 1:Os]’ ™~ "
t f
(fabcs)T = [fas 1:bs fcs]’ 0 = ,[Ow(t)dt +9(O)' - fds
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Arbitrary Reference Frame S

cosé sin@ 1
(K )™= cos(@—%r) sin(@—%r) 1|,

cos(0 + 2—77) sin(@ + 2—77) 1
! 3 37 ]
m “f” can represent either voltage, current, or flux linkage.

m “s” indicates the variables, parameters and transformation
associated with stationary circuits.

m “o” represent the speed of reference frame.
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Arbitrary Reference Frame S
™\ O m »=0: Stationary reference frame.
f A
e qu
/ B ©=w,: synchronoulsy rotaing
A B = ot reference frame.
a . f
\HH as
\ m o=, rotor reference frame (i.e.,
f " the reference frame is fixed on the
cs f,. rotor).
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Arbitrary Reference Frame S

m f, fandf may be thought of as the direction of the

as!
magnetic axes of the stator windings.

m f,sand fy can be considered as the direction of the
magnetic axes of the “new” fictious windings located on gs
and ds axis which are created by the change of variables.

m Power Equations:

abcs as'as cs'cs

3(, . . :
quOs = Papes = E(Vqslqs +Vielgs + 2V05|05)

10
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Arbitrary Reference Frame S

m Stationary circuit variables transformed to the arbitrary
reference frame.

m Resistive elements: For a 3-phase resistive circuit,

Vabes = Fslabes B 00
={0 r, O
W 0 0 rg]
R R iabcs = (Ks )_1iqd Os Vabcs — (Ks )_1qu 0s
§ R (Ks )_1qu 0s = Is (Ks )_1iqd 0s
quOs :(Ks)rs(Ks)_liquS ,(KS)FS(KS)_lz_S

qu 0os = lslgdos

11
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Arbitrary Reference Frame S

m Inductive elements: For a 3-phase inductive circuit,

abcs plabcs )

where p—i
Tt

—

w

Aape = L.l

abcs slabcs —

o O
(@)
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Arbitrary Reference Frame

m [n terms of the substitute variables, we have

quOs = Ks . p[Ks_lﬂ“quS]: Ks . p[Ks_lhqus + Ks : [Ks_l]pﬂ“quS

—sind cosé 0
where, p[Ks‘l]:a)- —sin(@—%[) cos(@—%[) 0

—sin(@ + 2?7[) cos(6 + 2?7[) 0

m After some work, we can show that

0 1 0]
-1

Ks-p[KS ]:a)- -1 0 0

0 0 0]
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Arbitrary Reference Frame o,

quOs = Ks p[(Ks)_l]lquS + Ks(Ks)_1 plqus

-
A - 7
~"" g

quOs = a)ﬂ*dqs + piqd 0s
T ]
where, (A4s) =|Ags —Ags O

m Vector equation V4, can be expressed as
VCIS - a)ﬂ«ds + pﬂ«qs
Vds = = a)/lqs + p/lds

VOs = p/IOS

where “wk,,” term and “wi,,” term are referred to as a “speed
voltage” with the speed being the angular velocity of the
arbitrary reference frame.
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Arbitrary Reference Frame S

m \When the reference frame is fixed in the stator, that is, the
stationary reference frame (®=0), the voltage equations for
the three-phase circuit become the familiar time rate of
change of flux linkage in abcs reference frame

m For the three-phase circuit shown, L is a diagonal matrix,
and

ﬂ‘abcs = L slabcs

_1. :
j“qus = K LK, lgdos = Ls'qus

15
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B,

Arbitrary Reference Frame

m For the three-phase induction or synchronous machine, L
matrix Is expressed as

1 1
I—Is + Lms o E Lms o E Lms
1 1
Ls = _E Lms I—Is + Lms _E Lms
1 1
o E Lms A Lms I—Is + Lms

where, L, Iealiage Inductance, L .: magnetizing inductance

L+

—Ln 0 0
- 3
KsLs(Ks) t= 0 I—Is‘|'E|—ms 0

0 0 L,

LS wle 5So 1 w0 okl
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Arbitrary Reference Frame

m Consider the stator windings of a symmetrical induction or
round rotor synchronous machine shown below

R\ .+ ro=diaglr, r, r]
B i L, M M Ls — I—Is + Lms
L.=1M L M M 1
_I\/I M LS_ __E ms
+ -—-i."-'i /\[ Vas Q -
Vas ry / L, \\
[ M
r, + — v, -
19 A—2 104
+ ry v L \
MM
Ccs \ -
* N, ’ \ L 17
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Arbitrary Reference Frame S

m For each phase voltage, we write the following equations,

V, =l + PA qu 0 =KV,
VbS — rSibs + O;LbS’ quS =K Iabcs
=] A =K
VCS T rSICS T OACS qd0s abcs
o

abcs — “-—s'abcs

= [n vector form,
Vabes =T Iabcs + pﬂ“abcsn

Multiplying by K

KV e = K Fipe + K pA

abcs abcs abcs

18
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Arbitrary Reference Frame S

m Replace i and A using the transformation equations,
KSV =K rs(K qus)+Ks p(K _1/1qu5)

qu Os — rs'qd 0s T wﬂ“qd 0s

abcs

or

VqS = g + A4 + p/lqS

Vs = Fslgs — w/lqs + p/lds

VOs = [5lgs + plOs

_O 1 O_ qus :(LS_M)iqS
where,o =w| -1 0 O Ags = (Ls =M )iy
' 0 0 0] Aos = (Lg +2M )i

19
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Commonly Used Reference Frames =

m Our equivalent circuit in arbitrary reference frame can be
represented as

r m}“‘ds rS +m}'“q5
5 + _ -
+ _—-Wr Qﬁ + I—'W Qi
| ds
Vqs ’ % L-M Vs @ L-M
rS
A~
+ I—"
Os
o BL+2M

Commonly used reference frame

LS wle 5So 1 w0 okl
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Commonly Used Reference Frames =

m o=unspecified: stationary circuit variables referred to the
arbitrary reference frame. The variables are referred to as
fqaos OF Tger Tgs @and o and transformation matrix is
designated as K..

m ©=0: stationary circuit variables referred to the stationary
reference frame. The variables are referred to as 5., Or
s T4s @nd Ty and transformation matrix is designated as
K.

21
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Commonly Used Reference Frames =

m o= . stationary circuit variables referred to the reference
frame fixed In the rotor. The variables are referred to as
foa0s OF Toss Tgs @nd Ty and transformation matrix is
designated as K.

m o= o, stationary circuit variables referred to the
synchronously rotating reference frame. The variables are
referred to as 6., or ¢, ¢4 and ¢y and transformation
matrix Is designated as Ke..

22
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Commonly Used Reference Frames =

m Representation

S/Stationary reference frame

qd0s—.q-d axes of stator variables

— Reference frame fixed on the rotor with speed of e,

f
qd OS\>q-d axes of stator variables, 6, = .ﬁ o, (t)dt

e/Synchronoust rotating reference frame

qd OS\q-d axes of stator variables, 0, = J' t w, (t)dt
0

23
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Transformation of a Balanced Set  «=—

m Consider a 3-phase circuit which is excited by a balanced
3-phase voltage set. Assume the balanced set is a set of
equal amplitude sinusoidal quantities which are displaced
by 120°.

fos =2 COS O f o+ fio + foo =0 (balanced set)

21
f. =~/2f, cos(6, —?) 0, = j(: w, (t)dt +6,; (0)

f= J2 f, cos(6,; + 2?”)

m O, Angular position of each electrical variable (voltage,
current, and flux linkage) is 6. with the f subscript used to
denote the specific electrical variable.

LS wle 5So 1 w0 okl
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Transformation of a Balanced Set  «=—

m 0. Angular position of the synchronously rotating
reference frame Is 6.,

m 0, and 0, differ only in the zero position 6,(0) and 6.(0),
since each has the same angular velocity of w,.

m f, fandf_ can be transformed to the arbitrary reference
frame,

1:qus =K, f

s 'abcs

25
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Transformation of a Balanced Set  «=—

m After transformation, we will have,
fos = V2, COS(0, —0)
f,o =—/2f sin(0, —0)
foo =0
m (s and ds variables form a balanced 2-phase set in all
reference frames except when o=aw,,

f eqS = \/Efs COS[ et (0)— 6, (O)]
f s = —/2 f, sin[6,; (0) -6, (0)]

m In gs® and ds® reference frame, sinusoidal quantities appear
as constant dc quantities.

26
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Balanced Steady-State Phasor %
Relationships

m For balanced steady-state conditions e, Is constant and
sinusoidal guantities can be represented as phasor
variables.

Fas = \/EFS COS[C!)et + Qef (O)] — Re[\/EFSe j0ef (O)e ja)et]

2
Oef (0)—=2

J .
F. = «/EFS cos{a)et +0.(0) —2?”} -~ Re ﬁpse ( 3 jejwet

) . 21 ]
J| Oef (0)+——| .
F. =2F, COS[weH@ef (0)+—2§} = Re| V2Fe ( T je""et

27
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Balanced Steady-State Phasor
Relationships

m Balanced steady-state gs-ds variables are,
Fos = \/EFs COS[(COe - a))t +04 (0) -0 (0)]
_ Re[ 2F o166t ©-000)), j(a)e—a))t]
S

F,. =—2F,sin|(@, — o)t + 0, (0)-0(0)]
- Re[J\/EF ej(gef (O)_Q(O))ej(a)e—a))t]

m f_ phasor can be expressed as

—~

as = 'S

LS wle 5So 1 w0 okl
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Balanced Steady-State Phasor {@
Relationships

m For arbitrary reference frame (o=w,),

—~—

= 1\0ef (0)-0(0) =
F :Fe(ef )’ Fds:JFCIs

gs S

m Selecting 6(0)=0,

Fas = |:qs

m Thus, in all asynchronously rotating reference frame
(o=m,) with 6(0)=0, the phasor representing the as
variables is equal to the phasor representing the gs
variables.

29
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Balanced Steady-State Phasor %
Relationships

m In the synchronously rotating reference frame w=o,, F¢,
and F&,, can be expressed as

Fey = Re[ JaF gl (0)—(9(0))]

e _ Re[j NG, <0)—e<0))]
S

m |et6,(0)=0, then
Feqs =~/2F, cos(é,, (0)), Fas = —/2F, sin(6,; (0))
\/Elzas = Feqs - erds
since, F,, = F.e' %) — F_cos(6,, (0)) + jF. sin(@., (0))

30
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Balanced Steady-State Phasor %
Relationships

m Consider the stator winding of a symmetrical induction
machine.

O—

Ibs
O i i v +
cs s
+L%\ LK M\A > Iy
Vcs S
f
M

fLS
~a L‘s/ M
VaS
rS
i +
as——»
0O

m Assume the stator winding is excited by a balanced 3-
phase sinusoidal voltage set.

31
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Balanced Steady-State Phasor %

Relationships
m For phase as, we will have(pzi)
Vs = rsias + L pias + |\/Ipibs + Mpics

m For balanced conditions
Vo, +V,  +V,=0, I+ +1,=0
Mpias = _Mp(ibs + ics)’ Vas — rs;ias + (Ls -M ) pias

m For steady-state conditions, p = jo,

—~

Vas — rslas +[(Ls - M)ja)e]las

32
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Balanced Steady-State Phasor %
Relationships

m (s and ds voltage equations in the arbitrary reference frame
can be written as

Vs = rsiqS + WAy + p/lqS
Vigs = rsids - a)/lqs + p/lds
/lqs = (Ls -M )iqs’ /lds = (Ls -M )ids

m Let =0, then
Veqs = rsieqs + C()e/leds + p/leqs
Veds = rsieds —C()e/leqs + p/leds
/leqs — (l—s - M )ieqs, Nds = (LS -M )ieds

33
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Balanced Steady-State Phasor o
Relationships

m For balanced steady-state conditions, the variables in the
synchronously rotating reference frame are constants,
therefore pA®,s and pAy are zero. Therefore, the above can

be expressed as
Veqs = I‘SI eqs +C()e(|_s — M)I eds

Veds erleds—a)e(l_s—lvl)leqs
m Recall V2F, =F%s— jFes
N ThUS, \/§\7as :Veqs - JV eds

34
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Balanced Steady-State Phasor 5&4@,
Relationships

\/§\7as = rs|eqs +a)e(|—s —|\/|)|eds — j[rs|eds -I-Ct)e(LS —M)'eqs]

m Now
\/Elas = |eqs — jleds
V21 = 1% + jl s

m Substituting in the above equation, we will have

~

Vas = [rs + ja)e(l—s -M )]ras

35
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" gd+ Transformation to Shunt Capacitances  .cu<

4 ina

36
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5

® gqd+ Transformation to Shunt Capacitances <«

(a) g-axis circuit

LS el 2S5 1 w0 sl

Vd

v id

dan

C

o Can Vg

(b) d-axis circuit

* o

Vo Can

|

(c) O-axis circuit
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Variables Observed From Several Frames of )
Reference

= Suppose Following Voltages Applied to 3 Phase Wye-
Connected RL Circuit:

=2V, cosm,t

> v, =2V, LOS((O z‘—zj)

=2V, cos(a)er + 2%)

38
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Variables Observed From Several Frames of  _ce<,

Reference
m Using Basic Circuit Analysis Techniques
T~ . \/EV —t/T
»oi= P ~|—e cosa+cos(wf—a)]

N ‘\/EI;S —t/t 27 27
F ol = S| ¢ eos o+ | cos (ur—a:—T

Z

> I, :ﬁI'S ‘:G_rerOS[C{j)+€05[ﬁﬂefa+i?r):|

o
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Variables Observed From Several
Frames of Reference

a5

B,

m Transforming to the Synchronous Reference

Frame:
» lgs = gfg {— e 1T cos (ot — )
+cos|(w, —w)t —a|}
Qg = (VS {— e_f/rsm(a)f —a)
;S
—sm|[(w, —w)t —al}

LS wle 5So 1 w0 okl
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Variables Observed From Several @
Frames of Reference S,

m In Stationary Reference Frame

10
e W\W\/

10

o W\M
—10L-

10
vie, V 0
—10

10

igs. A 0

120
90
60
30

0
—30

pP.-W

Figure 3.10-1 Variables of a station-

ary 3-phase system in the stationary
w, radfs O reference frame. 41
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Variables Observed From Several @
Frames of Reference S,

m In Synchronous Reference Frame
ey L

37T
w, Tad/s [
O

42
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Variables Observed From Several @
Frames of Reference S,

m In Strange Reference Frame

10
Vdss V 0

—10

Figure 3.10-3 Variables of a station-

377~ ary 3-phase system. First with @w =
w, rad/s ol —w,,then wis step;{ed to zero followed
by a ramp change in reference frame 43
—377 speed to w = w,.




Transformation Between Reference {@
Frames o

m To transform the variables from X to y reference
frame :

~
fqd(}s K’ fdes ~
fx — KXf > |:> fydgs ="K’ Kxfabcs
qd0s — *™stabcs - |:>
TR =KX
qdﬂq — Y abces )

‘KK =K} | =) 'K’ = K}(K})™'

44
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Transformation Between Reference

Frames S
cos(0, — 6,) —sin(6,—6,) 0]
I:> K’ = | sin(6y—0,) cos(0,—06,) O
0 0 |

(,xKy)—rl _ (xKy)T

m For example:

ig | 1 cosf —sinf
ig | | sinf cosB

l
!

S“
q
.5
d d

LS wle 5So 1 w0 okl
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" Space Vectors @

B,

* Three-phase voltages

Va, (1) +Vg, () +Ve, (1) =0
° Two-phase voltages

T
{v (t) 2 cosO Cosz?ﬂ cos%[ Van () 1 > 5 Vap (1)
) T3 Ven(t) | =3 Vgn (1)
v (t)} 3| . .27 A || B 3 B3 4B
B _smO sm? sm?_ Ven (1) _O = _7_ Ven (t)
* Space vector representation B axis T
7 ] b V(t)
V(1) =V, (1) + jVg (1) "

V(t)=

[vAn(t)e +an(t)e12’”‘°’+an(t)eJ4”’3

D
a, aaxis
V- 077
where

o=tan" (—) ot =2t

c

Ot

46
S wle 35 0 wjs skl (where, f, = fundamental frequency)



